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Abstract—A linear elastic analysis is presented of interfacial slip under longitudinal tensile loading
in a fiber-reinforced brittle matrix composite with matrix cracks terminating and blunting at the
interface. A prescribed shear stress distribution is taken in the slip region. The interfacial adhesive
shear stress in the slip region which is later assumed constant is determined for different ratios of
shear moduli, fiber volume fractions and slip lengths. Stress fields are obtained for a brittle matrix
fiber-reinforced composite, calcium aluminosilicate glass ceramic reinforced with silicon carbide
fibers (SiC/CAS), and are compared with the case when there is perfect adhesion at the interface.

INTRODUCTION

A prime concern in the design and development of fiber-reinforced brittle matrix composites
is the toughness enhancement under tensile loading due to debonding and sliding at the
fiber-matrix interface. A matrix crack propagating in a plane normal to the loading direction
surrounds and leaves behind the uncracked high strength fibers that bridge the crack and
thereby provide resistance to the opening of the crack. This failure mechanism which results
in intact fibers in the crack wake occurs when the fiber-matrix interface is relatively weak
such that debonding and sliding is allowed. The main objective of this analysis is to
investigate the effects of fiber volume ratio and slip length on the interfacial adhesive stress
and the stress fields in the brittle matrix.

Although various models have been proposed with different simplifying assumptions
by Marshall e al. (1985), Budiansky et al. (1986), Gao et al. (1988), McCartney (1989), Sigl
and Evans (1989), Daniel et al. (1989) and Tsai and Mura (1991) an elasticity approach
which allows for slip at the interface has not yet been presented.

The planar problem of interfacial slip due to the opening of a pressurized crack which
is normal to the interface was analysed by Keer and Chen (1981) while Dollar and Steif
(1989) considered a tension crack which opens at a frictional interface. Work which con-
siders the effects of debonding and sliding in brittle matrix composites is due to Hutchinson
and Jensen (1990) where debonding was treated as mode II interface fracture. Recently
matrix fracture and crack interaction were studied by Wijeyewickrema and Keer (1991,
1992) but only perfectly bonded interfaces were considered. In general the interfacial shear
stress in the slip zone is modeled either by the Coulomb friction law or as a prescribed
variation in the slip zone. In the present study the interfacial shear stress in the slip zone is
specified as constant.

FORMULATION OF THE PROBLEM

To analyse the case of interfacial slip in a fiber-reinforced brittle matrix composite
under longitudinal tensile loading, shown schematically in Fig. 1(a), the axisymmetric
concentric cylinders model shown in Fig. 1(b) is used. Reasons for using this axisymmetric
model to approximate a hexagonal array of fibers in a matrix and references to others who
have used this model are given in Wijeyewickrema and Keer (1991). Here an infinitely long
elastic fiber of radius a is surrounded by an elastic matrix which has an outer radius
b = a/V{* where V; is the fiber volume ratio of the uniaxial fiber-reinforced composite. A
uniform longitudinal tensile strain ¢, is applied to the system at z = + co. The crack plane
which is normal to the z-axis is taken as the z = 0 plane and interfacial slip takes place in
the region |z] < L, r = a.
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(b)
Fig. 1. Schematic of matrix cracking with interfacial slip for a fiber-reinforced brittle matrix
composite undergoing longitudinal tensile loading.

The superposition procedure adopted to obtain the solution for the problem of matrix
cracking with interfacial slip utilizes the following two related problems. Problem (i) consists
of a crack-free uniaxially loaded composite specimen with perfect interfacial bonding and
a stress-free outer boundary. Problem (ii) consists of a matrix cracked specimen shown in
Fig. 1(b) loaded on the crack surface by self-equilibrating stresses which are equal and
opposite to the stresses obtained from the undamaged composite in Problem (i) and which
has a prescribed shear stress in the slip region. This prescribed shear stress can be regarded
as a critical yield stress along the interface that cannot be exceeded. Although its value can
be an arbitrary function of z, later it will be taken as constant. The problem is then analogous
to a Dugdale shear crack. The outer boundary in Problem (ii) has zero radial displacement
and shear stress [see e.g. Wijeyewickrema and Keer {1991)]. The complete stress fields for
Problem (i) are given in their appendix.

To formulate the problem of matrix cracking with interfacial slip it is sufficient to
consider only the upper half of the concentric circular cylinders model since z = 0 is a plane
of symmetry. Love’s stress functions and the associated stress fields used are given elsewhere
[see Wijeyewickrema and Keer (1991)]. Here, only expressions for the matrix axial stress
and fiber shear stress used to obtain the integral equations are given where the super-
scripts and subscripts 0 and 1 refer to the fiber and matrix respectively :
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o) =2 f AL )+ sTo(r) + 20 —vo) [y ()]s sin (zs) ds

+ L fi(pp°ze T, (rp)dp, (2)

where f; (i = 1,.. ., 8) are functions yet to be determined, J,( ) is the Bessel function of the
first kind of order n, I,( ) and K,( ) are the modified Bessel functions of the first and second
kind of order n and v,(i = 0, 1) the Poisson’s ratio.

The conditions at the interface are given by

02(a,z) = 6:(a,2), ol(a,z) =0(az), 0<z< 0, (3)
u(a,z) =ul(a,z), 0<z< o0, e))
ol(a,z) =04(a,z) = Tot(z), 0<z<L, (5
ul(a,z) = ul(a,z), L<z< o, (6)

where T, is the amplitude of the prescribed shear stress 7(z), (jz(z)| < 1) in the slip region
while the boundary conditions on the external cylindrical surface of the matrix are taken
as

ul(b,2) =0, 0<z< oo, )
oL(b,2) =0, 0<z< oo. ®)

The conditions on the crack plane z = 0 are

on(r,0)=0, 0<r<a; o0,(r,00=0, a<r<b, ©
a;z(rso)__' - cp(r)9 a<r<b, (10)
ul(r,00=0, 0<r<a, (11)

where P, is the amplitude of the axial stress distribution p(r), (|p(r)] < 1) in the matrix of
the crack-free composite due to the applied uniform longitudinal tensile straingyatz = + oo,
Making use of the expressions for stresses and displacements given in Wijeyewickrema
and Keer (1991), it can be seen that eqn (9) is identically satisfied and that from eqn (11),
S3(p) = 0.
An unknown function ¢,(r) which is related to the gradient of the crack opening
displacement is defined in the cracked region as

lul ﬁ 1 _
— aruz(r,())—qbl(r), a<r<b (12)
and hence it can be shown that
b
P fip) = f 1) (O (pr) dr. (13)

To account for interfacial slip a second unknown function ¢,(2) is introduced in the
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slip region as follows:
Pl
¢,(2) = po a—"[u:'(a,z)—uﬂi’(a,z)], 0<z<L. (14)

The three continuity conditions at the interface, eqns (3) and (4), and the two boundary
conditions on the external surface of the matrix, eqns (7) and (8), form the first five equations
of a system of six equations for the unknown functions f;, (i = 1, 2,4, 5,6, 7) in terms of the
unknown functions ¢;, (i = 1,2). The sixth equation is obtained from eqns (6) and (14).
Hence the system of six eqns can be expressed as follows:
1(as)f\(s)+aslo(as) f2(s)— il (as) fo(s) — fGaslo(as) f5(s)+ fiK, (as) fo(5) + flasK,(as) f7(s)

1 h
= st 1 (DA (1, 9)dr,  (15)

3

1
[ In(a )+~(~)]f1() [(1—2v0)10(as)+as1](as)]f2<s)+[10( )—L(f)}m

+ (1 —=2v1)lo(as)+asl (as)] /s (s) + |:K0(a )+ —l(-‘)]fs( 5)
+[—(1-2v))Ko(as)+asK,(as)) f+(s) =SI§J 191 (Dh2(r,5) dt, (16)

I1(as) f1(s)+asly(as)+2(1 —vo)l  (as)) f(s)— I, (as) f4(s)
—lasly(as)+2(1 —v ), (as)]fs(s)+ K (as) fo(s)

1 h
+lasKy(as) —2(1 —v )K(as)] f7(s) = a f tg(Dhs(1,5)de, (17)

l h
1,(bs) fu(s) + bslo(bs) f5(s)— K (bs) fe(s) — bsKo(bs) f7(5) = ;J 1§ (Nha(z,5)dz, (18)

1,(bs) f4(s)+ (b1 (bs) +2(1 —v ) (bs)) f5(s) — K, (bs) fe(s)

+[—bsKo(bs)+2(1 —v K, (bs)] f7(s) = -J to(Hhs(t,s)de, (19)

a

1 _
- %Io(as)fl ()= 3401~ vo)lolas) +asTy @) /o) + & To(as) 1)

[4(1—v)o(as)+asli(as)) f5(s)+ 5 Ko(aS)fc,(S)

NI"E:|

+ g—[—4(1 —v)Ky(as)+asK (as)lf-(s) = ;15 j td (Dhe(t,s) de

L
+ ;l:i f ¢ (u) cos (us) du, (20)
0

where I = po/it, and the functions #;, (i = 1,...,6) are given by

hi(t,s) = jas{asly(as)K,(ts)—tsl,(as)Ky(ts) —2(1 —v ) (as)K  (ts)§, 2
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ha(t,5) = 5 {tslo(as)Ko(ts)+Io(as)K1 (ts)— 21, (as)Ko(15)— [as+ 2(1;“)] L)k, (ts)},
(22)
hs(t,5) = s{asly(as)K, (ts)— tsI, (as)K,(25)}, (23)
ha(t,5) = s{ — tsIo(15)K, (bs) + bsT, (1)Ko (bs)+ 2(1 — v (1)K, (89)}, 24)
hs(t,5) = 5{ — 15T (t)K, (bs) + bsT, (1)Ko (b)), 25)
he(t,s) = —Liis{— 15Ty (as)Ko(ts) + 21 —v ) Lo (@)K, (15)+ ash (@)K, (15)}.  (26)

From the system of six equations given by eqns (15)-(20) the unknown functions f,
(i=1,2,4,5,6,7) can be expressed in terms of ¢;, (i = 1, 2) as

6 A, ”
fils) = f 16:1() dtﬁ; 4 'J(Z)( )(’ -9 f $,(u) cos (us) dus—3 - ((;) @7)

where A(s) is the determinant and A4,(s), (i = 1,2,4,5,6,7; j = 1,..., 6) are the appropriate
elements of the adjoint of the coefficient matrix of the system of six equations.

From eqn (10) which corresponds to the traction applied at the crack surface and eqn
(5), which describes the adhesive shear stress prescribed in the slip zone and making use of
eqns (1), (2), (13) and (27), the following coupled singular integral equations are obtained :

b L
AL et [ keosou= oo, a<r<n o9

T Ji=a t— =

% f_ td (Dk4(z,t) de + % f-o G (Dks(z,0)dt =Tx(z), 0<z< L, (29)
where

ki(r,t) = ki(r, )+ 2tk,(r, 1), (30)

m(r, H-1 mry
-r I+r

ky(r,t) = ; G
E(r/), r<t,

— 2
m(r,1) = E(t/ y+ 22 k. e, (32)

ky(r,p) = J:O ky(r,t,5) ds, (33)

ky(r,t,s) = AG) {(Z )Io(rs)+ (Z A5,h)[2(2—v1)10(rs)+rs11(rs)]

1
X (Z AG,.h,) Ko(rs)+ (26: A7,-h,->[—2(2—v1)K0(rs)+rsK1 (rs)]}, 34)

klZ(r,t)=2k3(r’ t)a (35)
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ki(r.t) = f 7 k;(r, s) cos (ts) ds, (36)
0

ky(r,s) = asdo(rs)+ Ase[22—v ) o(rs)+ sl (rs)]+ A s Ko(rs)

AG )‘A
+A76[ =22 —=v)Ko(rs)+rsK (rs)l}, (37)

ka(z ) = j k4(t, s) sin (zs) ds. (38)
[¢]

ki(t,5) = A ){(; )1 (as)+ <Z Aj,h> asIO(as)+2(l—vo)ll(as)]}, (39)

ks(z, 1) = J ‘ k5(s) cos (1s) sin (zs) ds, (40)
1]
_ 1
ks(s) = AG )1A 1ed1(as)+ Aglasly(as)+2(1 —vo)l, (as)]}, (41)

where K( ) and E( ) are the complete elliptic integrals of the first and second kind
respectively.

SOLUTION PROCEDURE

The infinite integrals k,(r, 1), k(r. 1), ko(z. 1) and ks(z, t) given by eqns (33), (36), (38)
and (40) can be manipulated such that eqns (28) and (29) can be rewritten as

1" !
J {m—“Hns(r 1)+1dr, e )}‘pl([l)dt‘

T 1y=u tl

l L
+ 7 J Ui 1) Hliofr, 1)} o (1) diy, = —Pop(r), a<r<b, (42)
=0

1 b
EJ {121s(37’l)+121}(2v’1)}¢1(t1)dt|

1=4

2 L 1
ﬁ! J {t"j‘ +172Y(‘7t )+1"2f(z t2)}¢ (t")dt2 - TT(Z) 0 <z< L’ (43)

i
where the explicit forms of the kernels are given in Appendix A. The singular behavior of
¢,, (i = 1,2) has been investigated by considering the dominant parts of the coupled integral
equations (42) and (43) for the case where the outer crack tip is located at ¢ (<b) in
Appendix B. First it was shown that there is no power singularity and next that a bounded
solution is not possible at the common end point (r = a,z = 0).

The solution of the integral equations is of the form:

¢, (1)) =log |t —alg (1)), a<t <b, (44)
$1(t2) =log |6, (L—12)" 3gs(t,), 0<1t, <L, (45)

where g,(¢,) and g,(1,) are bounded in the closed intervals a < ¢, < b and 0 < 1, < L,
respectively. From eqn (44) it is seen that ¢,(¢,) is bounded at 7, = b. The limits of the
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integral equations are normalized by defining:

b—a b+a b—a b+a
- et = - 46
4 2T1+2,1’ 2P1+25 (46)
L—-0 L+0 L-0 L+0
=Tt —5> Z=—"2—P2+T, (47)
¢ (t) = P.(1—1 )" (1 + 1) Fi(zy), (48)
$2(t)) = P(1—15)" (1, + 1) 2 Fa(1y), (49)
b—a b—a
Llls(Pl,11)=—2'"111s("af1), Lllf(Plaf1)=Tlnf(r,f|)’ (50)
b—a b—ua
Ly (pa2,ty) = —2’“121s(2, 1), Lyfpant) = 5 L(z,11), 1
Liy(pi,72) = ; Liadr, 1), Luf(Pnfz) = ; Il2f(ra t2), (52)
L-0 L—-0
Lyy(par,t2) = —2’—1'219(2, 1), Lzzf(PzaTz) = 7”1'22,{2, t2), (53)
p(r) = P(py), t(2) = T(py), (54)
to arrive at the equations:
1+ 1 —12 —12
- + L (put)+Lidpnt)p Filr ) —1)” P+ 1) dr,
T j-1 (Ti1—pP1
1 +1
+ p {Li2(p1,72)+ Lig(p1, T} Fa(t)(1—12)~ P2(gy+ 1)~ dey, = —P(py),
-1

+1
J 1 {Ly1(p2,T)+Laifpr. tIF (T )1 —7)” Py +1)" " dr

B

2es; [T} 1
+— +Ly5(p2,72)+ Laoy(p2,72)
g1 (T2 P2

T.
X Fy(1)(1—1) " (1, + )" V2 dr, = FST(PZ),‘“I <p; < +1. (56)

The coupled singular integral equations (55) and (56) are solved together with the
constraint conditions (i} F,{(+1) = 0, which accounts for the boundedness of ¢,(z,) at
t, = b, (i) Fi(—1) = 0, since ¢,(¢,) is logarithmically singular at ¢, = a, (iii) F,(—1) = 0,
since ¢,(f,) is logarithmically singular at ¢, =0 and (iv) Fy(+1) = 0, to account for
nonsingular stresses at z = L.

A Gauss—Chebyshev integration formula (Erdogan et al., 1973) is used to discretize
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eqns (55) and (56) to get

o Tlm 01, 11:(P1rs Tim AP Tim i

Fz(TZn)

+ Z {LIZs(plr9TZn)+Ll2f(plr’T2n)}

n=

Fl(Tlm)

M
Z {Ly1(Pas> Tim)+ Loi(poss Tim)}-

F+ Loy (prysTan)+ Loyl pas. Ta, n)}

il

n=1

*pZA

< ) T —1.....N—1. (58
N —Pc (pZ..s‘)’ S§=1,..., 1, ( )

where

T 1
Ty, = COS [mam— 1)], Ty, = cos[ﬁ(Zn— l)], (59)

c s(ztl) = al 60
os\ 37/ p2s =cCOS| % |- (60)

The additional conditions are discretized by using the formulae given by Krenk (1975). In
solving the problem it was convenient to prescribe the size of the interfacial slip length and to
solve for the applied load ratio 7,/P,. The M+ N+1 unknowns are F(t,,,),m=1,..., M;
Fy(t3,), n=1,...,N and the ratio T,/P.. Since eqns (57), (58) and the four constraint
conditions provide an additional equation, M is chosen to be an even number and the M/2
equation of equation (57) is neglected.

I

pl,r

RESULTS AND DISCUSSION

One of the main objectives of the present study was to examine the effects of interfacial
slip on a matrix crack which terminates at the interface. Hence results are first given for
the normalized interfacial adhesive shear stress in the slip region for different materials and
then the interfacial stresses and the matrix axial stress at different locations in a particular
composite SiIC/CAS. All the results are for Poisson’s ratios of v, = v; = 0.25. As previously
discussed the interfacial adhesive shear stress distribution in the slip region is assumed
constant, i.e. ©(z) = 1.0 in eqns (5), (29) and (43). The axial stress in the matrix g,, of an
uncracked composite is independent of r when the outer matrix surface is stress free and is
given by

aZ
00=E180—2v10*<b2_a2>, (61)

where

2e6(vo— V)V
* (62
T = Vel + Vil + st )

and V; = a?/b%, V,, = 1 —Viand k,, = /(1 —2v), (i = 0, 1). (Appendix A, Wijeyewickrema



Matrix cracking 99

and Keer, 1991). Here p, v and E are the shear modulus, Poisson’s ratio and Young’s
modulus, respectively. Hence P, = ¢, and p(r) = 1.0 in eqns (10), (28) and (42).

The SiC/CAS composite has the following material properties (Daniel et al., 1989;
Lee and Daniel, 1992):

E, =207 GPa (30.0 x 10° psi), E, = 98 GPa (14.2 x 10° psi),
F,r = 124 MPa (18.0 x x 10° psi), F, = 221 MPa (32.0 x 10’ psi),
vy =v, = 0.25,
V=04, (63)

where F,,r and F, are the matrix tensile strength and interfacial shear strength respectively.
[The value given for F; is that assumed by Lee and Daniel (1992)). The stress fields
are either normalized with respect to the uncracked (far-field) matrix axial stress oy, i.e.
G,.(a, z) = 0,,(a, z)/o, etc., or by the matrix tensile strength F,r, i.e. 6..(a, z) = 0..(aiz)F,.r
etc. In the plots of the stress fields the stresses are compared with the case of perfect adhesion
at the interface, i.e. L = 0.

In Figs 2(a), (b) the normalized interfacial shear stress is plotted against L/b for fiber

IL x H=1
F & SiC/CAS
" I=7

Normalized Adhesive Shear Stress

0.0 T ¥
0 1 2
L/b

Fig. 2(a). Normalized interfacial adhesive shear stress in slip region, V; = 0.4.

1.0

0.8

0.6 J
04 ﬁ

0.2 9

Normalized Adhesive Shear Stress

0.0 Y
0 1 2

L/b
Fig. 2(b). Normalized interfacial adhesive shear stress in slip region, ¥; = 0.6.
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Fig. 3. Normalized interfacial adhesive shear stress in slip region for different fiber radii.
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Interfacial Shear Stress

zZ/b
Fig. 4{a). Normalized interfacial shear stress in the SiC/CAS composite for different slip lengths.
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Interfacial Radial Stress

0.3

&

z/b
Fig. 4(b). Normalized interfacial radial stress in the SiC/CAS composite for different shp lengths.
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volume ratios of ¥; = 0.4 and 0.6, respectively. As expected, when the fiber stiffness increases
for a given slip length, the interfacial shear stress decreases and this decrease is more
pronounced for smaller slip lengths. It is also observed that when V; is higher that the
interfacial shear stress is lower since more load is carried by the fiber due to the increase in
cross-sectional area. The effect of the fiber volume fraction on the interfacial shear stress
for different slip lengths is shown in Fig. 3. A typical brittle matrix composite used in
applications would have a fiber volume fraction in the range 0.3 < V; < 0.6 which cor-
responds to 0.55 < a/b < 0.77. Figure 3 shows that for this range of a/b, the interfacial
shear stress differs significantly with the slip length.

The interfacial stresses are given in Fig. 4. For the SiC/CAS composite when the slip
length L/b = 0.5, 1.0, 1.5 and 2.0, the normalized interfacial shear stress 7T,/P, = 0.854,
0.519, 0.348 and 0.266, respectively. A consequence of the assumption of constant adhesive
shear stress in the slip zone and hence a finite slip length is that the interfacial stresses decay

o L/b=0.0

x L/b=0.5
1.6 1 A L/b=10

= L/b=15

® L/b=20
1.4 4 “ a'_zz(a’z)

Matrix Axial Stress at Interface

z/b

Fig. 5(a). Normalized axial stress in the matrix at the interface of the SiC/CAS composite for
different slip lengths.

x L/b=0.5, €=0.26%
& L/b=10, € =043%
121 N a L/b=15, &,=0.65%
Gz(a,2) e L/b=20, &,=085%
L/b=0.0, e,=026%
L/b=0.0, €,=0.43%
L/b=0.0, & =065%
L/b=0.0, &,=085%

10 1

o o b e

Matrix Axial Stress at Interface

z/b

Fig. 5(b). Axial stress normalized by matrix tensile strength at the interface of the SiC/CAS
composite for different slip lengths.
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less rapidly away from the crack plane. Although the interfacial shear stress is finite at the
crack plane z = 0 when there is slip, the interfacial radial stress still exhibits singular
behavior. Furthermore, in the vicinity of the crack the interfacial radial stresses are tensile
(Fig. 4b) which indicates that a more accurate formulation would take interfacial debonding
into account there. This figure also indicates that interfacial frictional slip might occur near
the debond region.

In Figs 5-8 the matrix axial stresses at different locations are plotted. In plotting Figs
5(b), 6(b) and 7(b) the interfacial shear strength F, from eqn (63) has been used and when
the slip length L/b = 0.5, 1.0, 1.5 and 2.0 the applied strain &, 15 0.26%, 0.43%, 0.65% and
0.85%, respectively. In Fig. 5 the axial stress in the matrix at the interface is singular at the

1.2
G z

o] O
o 1
il
>~ 0.8
®
w =
2 v L/b=0.0
= x L/b=05
@ & L/b=10
X 04 w L/b=15
< o L/b=20
é 0.2 4
©
=

0.0

0.2 . r _— — :

0 1 2 3 4

z/b

Fig. 6(a). Normalized axial stress in the matrix at r = b of the SiC/CAS composite for different slip
lengths.

6,,(b,2)

L/b=0.0, g =026% ]
L/b=0.0, e,=043%
L/b=0.0, e,=065% —
L/b=00, g =085%
L/b=0.5, e,=0.26%
Lib=10, & =043%
Lib=15, e,=0.65%
L/b=20, & =085%

Matrix Axial Stress at r=b

a» x © 0 b e

'21 T L2 T A Ll
o] 1 2 3 4
z/b

Fig. 6(b). Axial stress normalized by matrix tensile strength at r = b of the SiIC/CAS composite for
different slip lengths.
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crack plane and decreases monotonically to its far field value away from the crack plane.
The matrix axial stress at » = b is shown in Fig. 6. The compressive stresses close to the
crack plane may be due to interfacial slip, as there are no such stresses for the fully bonded
case, and here too the stresses decay less rapidly away from the crack plane when there is
interfacial slip. Figure 7 shows the axial stress in the matrix in the plane located at a distance
z = b. Since the load is transferred to the matrix through the interface, for a given slip
length the matrix carries more load at the interface than at the mid-surface between fibers.
If the tip of the slip zone is below the location where the stresses are computed, i.e. z > L
the stresses have a 1/r type of decay. But when the stresses are being computed along a
plane intersecting the slip zone, i.e. z < L, then the stresses other than in a small region
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2 4
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< 0.6
X
b}
=
0.4 4
0.2 . : —_ —
0.6 0.7 0.8 0.9 1.0
r/b
Fig. 7(a). Normalized axial stress in the matrix at z = b of the SiC/CAS composite for different slip
lengths.
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0.6 0.7 0.8 0.9 1.0
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Fig. 7(b). Axial stress normalized by matrix tensile strength at z = b of the SiC/CAS composite for
different slip lengths.
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Fig. 8(a). Normalized axial stress in the matrix of the SiC/CAS composite when slip length L'b = 0.5.
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Fig. 8(b). Normalized axial stress in the matrix of the SiC/CAS composite when slip length L/h = 1.0.

0.8

0.6

0.4

0.2 1

Matrix Axial Stress

0.0

r/'b
Fig. 8(c). Normalized axial stress in the matrix of the SiC/CAS composite when slip length L/p = 2.0.
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Fig. 9. Nondimensional slip at the interface of the SiC/CAS composite.

close to the interface are nearly constant. In Fig. 8 the matrix axial stress is plotted for slip
lengths of L/b = 0.5, 1.0 and 2.0. The stress close to the crack plane is distorted due to the

slip at the interface.
The interfacial slip given by Auw,(a, z) = u.(a, z) —uX(a, z), can be computed from

Aufa,z) = — ﬂi f b2(t2) dts (64)

and is plotted in nondimensional form in Fig. 9. Here, it is observed that the maximum slip
occurs away from the crack plane and that this peak decreases with increasing slip length.
From eqn (12) the relative crack opening displacement . (r, 0) —u, (a, 0) is obtained as

1_'\)1

ul(r,0)—ul(a,0) =
(r,0)—u;(a,0) P

f@(zl)dn (63)

and is given in Fig. 10. The absolute crack opening_displacement is plotted in Fig. 11. The
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Fig. 10. Nondimensional relative crack opening displacement of the SiC/CAS composite.
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Fig. 11. Nondimensional absolute crack opening displacement of the SiC/CAS composite.

interfacial slip blunts and separates the crack tip at the interface and causes the COD to be
changed from its usual opening mode. It should be noted that eqn (65) depends on points
near ¢,(a). Since the singularity is not accurately taken into account there in the numerical
scheme, the points close to the interface in Figs 10 and 11 may be inaccurate.
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APPENDIX A
The kernels appearing in eqns (42) and (43) are defined in this appendix.

Las(r, 1) = 201k (r, 1),
klt(r’ t) = I‘lem(r’ t)+1$_,°°(r, t)v

(r—a) r—a)’
rri—2ay TP G20y

Ig_,m(f,t)= +¢,;

1 1
zwﬁ%ﬁw—w
1 [ -1
L@ = ——(———)
* 2 /r\2b—r=1

where
o U B+R) 30-p) _Su-p _ 41-g)
T2 Atie  L4jxy |0 2 14ge, BT T T+,

Ludr, ty) = ky(r 1)+ 2 ko, 1),

kylr,) = J:o K (r,t,8)— k5= (r, £,5)— k5™ (r, 1, )] ds+ I3 (r, )+ I3 (1, 0),

g (r+1—-2a)

2/t

—(2b—r-ns

R5(r,1,5) = (RY"s™ + RY"s+ RY*)

B82(r,1,5) = (R$s+ RE?) S

2/t
6 3

[z St 3 r]
i= 1 =1

1

1
2/

Iry =

Iy =

2
Z SZI’
rt =1

llZl(ry ’2) = Zkh(r) ’2)9

ks (r,t) = I (r,0),

'ax ( - - 3
13: (r, t) = \/é{c“ 12+r(rf)a)2 +c3, [tz_f_r(rf)a)z]z},

e, @S +EQ—v)) 4
NTTAFE @R T T T

Lag(r, 1)) = 2k, 12),

ky(r,n)= J:o (£5(r,5)—K5=(r, 5)) cos (ts) ds+ I3 (r, 1),

B5=(r,5) = (R§"s+R3?) g o-C-ay,

a 2
IF(r = ;lesr
i=

(2, 0)) = 2,k4(2, 1),
k«(zs t) = I::o(z’ t),

ey =

1 { z + z?
[ [4
PN S R R (Yo
SAS 30:1-H

(A1)
(A2)

(A3)

(A9

(A3)

(A6)

(A7

(A8)

(A9)

(A10)

(Al1)

(A12)
(A13)

(A14)

(A15)
(A16)

(A17)

(A18)

(A19)

(A20)
(A21)

(A22)
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8ﬁ(1—v,)(—2+3v0—-;2v.__) ‘ _Sﬂ(l—v.}
(A+ac)(i+re) 7 2 (I+ak)’

Cay =

Lz t) =2t kg (21

kyy(z,0) = L (K41, )— K5 (1, 9)] sin (z5) ds+ 157 (2, 1),

-{t— u)\
R (1,5) = (RY®s+ R§) |
h\/ at

Iz 0) =

&‘

1
Lz, ) = — PR

1
Liaplz, 1) = — kg2, 1y),
Csi

a0 —Vl)+(1 —‘0)]
(1 +#K|)(H+’\0)

Csp =

ks (z,0) = ‘[ 7 [k5(s)— k3 (5)] cos (£s) sin (zs) ds+15(z. 1),

!
R$(s) = RY+RY <,

I5(z,0 = RY°Z FHEz=1).

and x; = 3—4v;; (i = 0,1) and H( ) is the Heaviside step function.

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)

(A30)

(A3D)

(A32)

(A33)

The functions R, (i=1-3); R, (i =2.3); R, (i =2,3); RV°, (i = 2,3) and R"°, (i = 3,4) appearing in

eqns (A8), (A9), (A18), (A26) and (A32) are given by

Pcra 1 , 1
Rim = t R§"' — ___(Pczra — pera _Q_:> cra ___[Pcra Pcra_Q_z +Pcm

Q‘. Ql l Ql ’ ’ _Qx Ql

R%"’ P"h R(rh ]' (Pcr[v P(rb )
l
P.wa 1
.;ra — rru P sra P\ra
l
pge 1 Q,
RO = RLrD o P<r0 PCrO
. g’ g, (
Rs}rl) P”O ero L( v() PArO )
1

where

P = 2(1—v)(1 =) (A+Ke)r—a)(t—a),

P = (1—v ) (1 —@{2(a+ k) r—a)—3(fi+ ko) r+ 1 —2a)+ pST{(r—a)(r + 1 —~2a)— r—a?},

PY® = (1=v){(1 = @p5i(r—a)+ (1~ Dp§3(r +1—2a)+ (1 — DI —a)(r+1—2a)
—(r—a)? ]+ 2x, —2av, (1 =2vg) + 11
PY" = (1—v))(+Ko)(1 + i )(2b—r —1),
P§? = (1= v @b —r — 1)~ 2+ Ko)(1 + )],
Py = —2l—v))(fi+Ko)(r—a),

Py = (1=v){p3i(r—a)+2{(5—~6vo) + A3 - 2v )},

2(—=346v,—4v)]}.

2,00 us

(A35)

(A36)

(A37)

(A38)

(A39)

(A40)

(A41)
(A42)
(A43)
(Ad4)

(A45)
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Pgr() = —4ﬂ(1—v,)2(ﬁ+’€o)(t°'a), (A46)
PY = (1~vi){p50(t— @)+ 8[(1 —v))+ (1= o]}, (A47)
Py = —4(1—v (1 —v)+(1—vo)l, (A48)
PP =l "Vl){g[ﬁ(l =¥ )1 —=2vg) = (1=vo)(1 ~2v,)]+ g[ﬂ(l ~v)+(1—ve)l} (A49)
X 303 1) X ]
M= (u+!<o)(- AT 47) = 5, [G+ TR —4ve(1+20)], (A50)
07 = o [(29-+158) —4vo @+ 2D+ { = — = ) [(5+ T —Avo(l 4+ 2} (i Asl
5 -—m[@ +154) —4vo {9 +2/0)) + 6 1 [(5+77)—4vo( +2#)]—%(H+Ko)a (ASD)

1 1
= %(3 - ~)(,z+xo)+ %;[(I — Sy +dve(—1+2a)+ E—a[(— 194+631) +4vo (15-267)+32v, (i +xo)}

b1
(AS52)

3 . _ 3 _ o
P58 = e l(=TH 19D+ v (1= 4D+ 5o 5+ TD—dva(1+20)]

3001 1 3 5 3 1\
+E<“?+E+?*Z{f—b—f~ﬁ)(#+l€0), (AS53)
b i s /1 3\ _ _

Py = “’2“;(1‘“# 1 —K0K1)+§ it {A+x(l +jix)), (A54)

sra 1 - 3 - ]’ - -
P37 = g (At Ko)+ 5 (At Ko)+ - [(1+ 113) +4ve(1—41)), (A55)

o 3 . 3 . 1 _ _
PP = — o () b 3 (Bbg)+ oo [+ L)+ 41—~ 42) (As®)
Q, = (A=) (A+xo)(1+K,), (AS7)

1 1 3

o= -5(1—"1)[5(1-!12)(1—?(0'61)*' E(ﬁ*‘xo)(l‘?ﬁ'ﬁ)} (AS3)

Q= 3—‘2’(1—"1){" %(1 —EX Al +1050) +4(vo—2v )] — [(1 +1co%, ) + 4(v, — 2v0)]}

12 3
+5d =) (1~ 1tk i)~ pz (A+E)(1 +l7'<x)}- (AS9)

The functions §y;, (i = 1,...,6) and T}, ( = 1-3) required to define I5°(r, 1) in eqn (A10) are expressed as

Prg, 1

Su==or trimm (A0)
S12= (u:lx:)?l)[j:;xt) (r-(: :_a;ay (A61)
S1p = (ﬁ:—fclo)_(f-)f ;Z) (r-(: t_—a;;z’ (A62)
R = A6y
i = Gl o33 (A64)
S1e= G%“S (A65)
”“*Zif(—%*%?)@%_—zas (A66)
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cra

— A)pss

Ty 00
" (#+ko)(1+#K1)

(r—a. (A67)

d-@pss  r—a)

—n - A6
' (A4 K1+ fix, )(r+t—2a) (A68)
The functions S5, (i = 1,2) required to define I57(r, 1) in eqn (A11) are given by
PO, 1
Sy = “'Q% T @h—roiy (A6Y)
S, = i (AT0)
TR ik (k)
The functions S5;, (i = 1,2) required to define 137 (r. ) in eqn (A19) are given by
PYQ, (r—a)
Sy = ——=—= 5 .
3 07 Fr0—a)? (AT1)
P r—a) (A7)
2T (kg Crr—a) -
The functions S,,, (i = 1. 2) required to define 14 (z, 1) in eqn (A27) are given by
PY°Q, z
S R T A
1— t—a)z
S = (A =vaps? (—a)e (A74)

A+ (14K, (1—ay +2°

APPENDIX B

In this appendix the singular nature of ¢,, (i = 1,2) is analysed by investigating the dominant parts of the
coupled integral equations (42) and (43). Here the more general case where the matrix is not fully cracked, i.c.
the outer matrix crack tip is at a point ¢ ( <b). is considered. The dominant parts of eqns (42) and (43) are

L g e
;J {t”: + 2tk (r, ’)}431(0 dr+ ;J‘ 2k, (r D¢ (ndl = R\(r), a<r<c, (BD)
¢(t) = ar UL Pl di= R, 0<z<L
e 7 - e 2 (2), -< L.
T Ji=a l(t (l) +'.+ 2[( a) +'-] N Jea -2 14z ) h
(B2)
where
! 2 ¢’ -1 d -1 -1
ka(r.t) = i ear—a)’ gz (r1=2a)" e (r=a) g (r+1=2a) " Heo(r+1=2a) (B3)
2/ rt
a (r—a)’ (r—a)
S TR o S U U /B B4)
ks, (r.t) \[{dl[12+(r~a)2]2 +d, tz_,_(r_a)h} (
201 =v)[—2+3vg—jvi] 2a(A+ K1 —v))
e[ = - k) e: =y T T o T (BS)
(A1 =v)+(1—vo)] (A —v)+A—v)"
and ¢ = €31, €1 = —Cap €3 = 2043, dy = ¢33, dy = ¢315 Ry(r) and Ry(2) consists of the parts of the integral equations
with bounded kernels.
The unknown functions ¢,, (i = 1,2) are expressed as
(1) = fOc—ro(t—ayss = fle ™ (t—cy(t—a)fo, a<i<c, (B6)
@2(0) = gL — 12 (t—0)P = g(t) e ™ (t—Lye(r—0)fo, 0 <1 <L, (B7)

~where f(¢) is Holder-continuous in a < < ¢, (t—c)yo(t—a)P is a definite branch which varies contmuously in
a<t<c, f@@#0, floy#0, —1<Re(a, ﬁo) <0 and where g(t) is Holder-continuous in 0 <t < L,
(t—L)“(t—O)”ﬂ is a definite branch varying continuously in O<f<L and g(0)#0, g(L)#0,
—1 < Re (4, Bo) < 0. Note that ¢,, (i = 1,2) must have the same singular behavior at the common end point as
indicated by the index f,.
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The sectionally holomorphic functions are introduced as

¢ (') "l 6ey=L| 2Qq, (BS)

Tl [—2,

F(zy) ‘“‘T; A

Examining the singular behavior of F(z,) and G(z,) near the end points yields

F(z)) = -—j(a)(c—a)“o: (2~ a)fo+1(e) (e~ a)"“ (Zn—c)“"+Fo(Zn) (B9)

/3

% JC %1:(? dt = F(r) = —fla)(c~—a)* cot nfo(r—a)o+ f(c)(c—a)e cot may{c—r)o-+ Fy(r), (B10)

1 (0 =_f(a)(c—a)°‘°(r——a)ﬁﬂ

2 |, = asy & = Fea=n S RO, (B11)
e k —aye
Lo-at [ o0 rrim20 ar= - LU g, okt -

k
+(r—a)"§;;F2(r), k=12), (B1Y)

1 fe ” fa)(e—ays(z—0)e sinfgg
_j a2t 0d= ~ +F3(2), ®B13)

7 ), a)* sin nf,

fla)e—ayo(z—0s(1—Bo) sin°

1 3
- j; oot d= T +Fi(@), (B14)
—nifly 1
Gz2) = —gONL~0) (23 = 0P+ g (DL 00 g (22— LYo+ Gofz), ®15)

“ .0

Eon

dt = G(2) = —g(O)(L—0) cot nfe{z— 0o+ g(LYL—0)Ps cot myo(L—2)*+G{z), (Bl6)

- A0) _ gO)L—0y's(z—0)%

n o {+2Z Taz =00 sin 7By +G2(2), (B17)
b2 B 50
1t (r—a) 9ONL—0yo(r—a)Ps sin—=
;ﬁ Fro_ap 0= e +Gs (1), (B18)
1t o GOL—0ys(r—a)fo(1 —Bo) sin 52
E_[, 3o 0 d= e +Gy(r), (B19)

where the functions F,, (i =0,...,4)and G,, (/ = 0,...,4) are bounded or have weaker singularities at the ends.

Now substituting from eqns (B10), (B11), (B12), (B18) and (B19) into eqn (B1) and multiplying the resulting
equation first by (¢—r)~% and letting r — ¢ and next by (r—a) % and letting r — a the following equations are
obtained :

HeXe—aYocot muy =0, (B20)

 fa)e—ay dOL-0y25in ™5 (1) d, +4,)
IO o mfot caolBo—1)+c1Bo+eo} +

sin nf, sin "ﬁo =0. (B21)

Similarly substituting from eqns (B13), (B14), (B16) and (B17) into eqn (B2), and multiplying the resulting

equation first by (L ~2)77 and letting z — L and next by (z—0)"%o and letting z — 0 the following equations are
obtained :

9(LHL—0) s cot ny, =0, (B22)

Fla)}e—ayosin %

gO)(L—0)
sin f,

{e+31(1—Boles} + sin 2By

[1—cos nf,] = 0. (B23)
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From eqns (B20) and (B22) the values of «, and y, satisfying the condition —1 < Re (ag,y,) < 0 are ag = —1/2
and y, = —1/2 respectively. The case of a, = —1/2 corresponds to the square root singularity for a crack tip
embedded in a homogeneous, isotropic elastic medium. The case y, = —1/2 corresponds to the square root
singularity for the tip of a crack lying in an interface which is not permitted to open in mode 1 but is allowed to
slip in mode II. The characteristic eqn required to determine f, is obtained from eqns (B21) and (B23) and is
given by

cos nfy— (1 —a)B3 —2(1 —2)} B+ =0, (B24)

where

_ Al —v)— (1 —vy)
AL —=v )+ (1 —vy)’

(B25)

is the Dundurs constant (Dundurs, 1969). Equation (B24) is the same characteristic equation obtained by
Gharpuray et al. (1991) when the planar problem of an edge crack terminating at a slipping interface was
considered. For the range —1 < Re (B,) <0, eqn (B24) has no roots and hence ¢;, (i = 1,2) has no power
singularity at the common end point (r = g, z = 0)

Next the possibility of a logarithmic singularity at »r = a, z = 0 is investigated by looking for a solution of the
form

$1(D = folt)e—1)0 = fy(he ™ (t—c)h, a<i<ec, (B26)
G2(0) = go(NL—~1)'0 = go(t) e™™ (1~ LY. O<i<L, (B27)

where fo(a), fo(c). g0(0) and g(L) are bounded and nonzero. Examining the singular behavior of F(z,) and G(z,)
introduced previously in eqn (B8) near the end points the following asymptotic relations are obtained :

Jole)

F(z)) = —~fo(a)(c—a)“ log @—a+ 0( L= )+ Colz)). (B28)
! ¢ (t) - F "y i
p j )= — 7f0(a)(c a)*log (r—a)+ fy(c) cot may{c—r)*o+ C, (1), (B29)
: J O at= F2a—n) =~ fi(ae—ay g [ (—a)+ 20, (B30)
%(r——a)f s (z) —(r+1=20)"" di = (), (B3
1 ‘ d? B
*(r—a)zj G155 (r+1—2a)" " dt = C,(n), (B32)
n B dr
i
;J : a)2 260 dt = Cs(a), (B33)
1 A 3
l, [mr%(l)dt Celz), (B34)
6e2) = — ~ga(O)(L—0Y log (22~ 0)+ g"(y) 23— LYo+ Cr(za), (B3)
: ‘fz(’)d = G@) = ~Ag0(0)(L — 0y log (2 —0)+ go(L) cot mpo(L—2)'s+ C4(2). (B36)
o =
L
! J 9204 _ G2 = — Lgo(O)(L—0y» log [(z—0) €]+ Co(2), (B37)
m e +2 T
L =9 o = (B38)
7 o t +( )2 10 )
L L__(_r_a_)z__ B39
2| xS0 4= Gl (B39)
where the functions C;, (i =0, 1,...,11) are bounded.

Substituting from eqns (B29)—(B32) (B38) and (B39) into eqn (B1) and multiplying this equation first by



Matrix cracking
(¢—r)~% and letting r — ¢ and next by 1/log (r—a) and letting r — a the equations obtained are
Jfo(c) cot may =0,
Sola)(e—a)o(l+¢p) =0.
Similarly substituting from eqns (B33), (B34), (B36) and (B37) into eqn (B2) it can be shown that
go(L)cot myy = 0.

Since eqn (B41) cannot be satisfied, a solution which is bounded at r = a, z = 0 is not possible.
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(B40)

(B41)

(B42)



